ABSTRACT. For n ≥ 3 let f (n) be the least positive integer k such that n k > 2 n n+1 . In this paper we investigate the properties of f (n).
Introduction
Throughout this paper, n denotes a positive integer, [x] denotes the greatest integer not exceeding x, and ⌈x⌉ denotes the least integer greater than or equal to x. For n ≥ 3 and k ∈ {1, 2, · · · , n}, we have
and hence (n − 1)
Using the fact that 2 n−1 > n for n ≥ 3, we obtain
In view of the above, for n ≥ 3 we define f (n) to be the least positive integer k such that n k > 2 n n+1 , and define L(n) to be the least positive integer k such that
The first twenty-one values of f (n) and L(n) are given below : n 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 f (n) 1 1 2 2 2 3 3 3 4 4 4 5 5 5 6 6 6 7 7 8 8 L(n) 1 2 2 2 2 3 3 3 4 4 4 5 5 5 6 6 7 7 7 8 8 Table 1 . Values of f (n) and L(n) The goal of this paper is to study certain properties of the function f (n). We establish the following results:
is replaced by L(n), Theorem 1.5 is also true. Using Stirling's formula for the Gamma function Γ(x) (see [1] [2] [3] ), one may deduce that
2. Two lemmas
Proof. Clearly the inequality holds for k = 0. Now we assume 1 ≤ k < n. Let
Now we prove the inequality
Thus the lemma is proved by induction.
Proof. We prove the result by considering the following three cases:
Case 1 : Suppose that n = 3m. Taking n = 3m and k = m in Lemma 2.1 we get n ⌈ , we see that the result holds for n ≥ 78. Case 2 : Suppose that n = 3m + 1. Then we find that
for m ≥ 29 in a similar manner. Case 3 : Suppose n = 3m + 2. Then we find that
for m ≥ 27 in a similar manner. Thus the lemma follows for all integers n ≥ 88. n > 0.375 · 1.88 n n .
Proof of theorems
Proof of Theorem 1.1:
Thus, L(n + 1) ≤ L(n) + 1. This completes the proof.
Proof of Theorem 1.2:
It is sufficient to show that f (n + 1) ≤ f (n − 1) + 1. This is equivalent to proving the inequality
Thus f (n + 1) ≤ f (n − 1) + 1. By Theorem 1.1, it is sufficient to show that L(n + 1) ≤ L(n − 1) + 1. This is equivalent to proving the inequality n + 1
where we have used the inequality ab ≤ (a+b) 2 4 . The proof is now complete.
Proof of Theorem 1.3:
3n+1 . We then have
Proof of Theorem 1.4:
This proves the theorem.
Proof of Theorem 1.5:
By the definition of f (n), we only need to prove that
It is clear that
where
and
is an decreasing function and hence
Now, from the above we deduce that
· 2 n n + 1 ≤ (n + 1)(n + 2)(n + 3) n(n + 4)(n + 6) · 2 n+3 n + 1 .
As n ≥ 88, we have (n− 
n(4n
2 + 13n − 6) − 3(n + 1)(n + 2)(n + 3) = n 3 − 5n 2 − 39n − 18 > 0 and so n(n + 4)(n + 6) − (n + 1)(n + 2)(n + 3) (n + 1)(n + 2)(n + 3) = 4n 2 + 13n − 6 (n + 1)(n + 2)(n + 3) > n + 3 − n n .
Therefore, n(n + 4)(n + 6) (n + 1)(n + 2)(n + 3) > n + 3 n and so (n + 1)(n + 2)(n + 3) n(n + 4)(n + 6) < n n + 3 .
Hence, from the above we deduce that n + 3 f (n) ≤ (n + 1)(n + 2)(n + 3) n(n + 4)(n + 6) · 2 n+3 n + 1 < n n + 1 · 2 n+3 n + 3 < 2 n+3 n + 4 .
